We use a replica approach to investigate the thermodynamic properties of the random heteropolymers with persistent power-law correlations in monomer sequence. We show that this type of sequences possess proteinlike properties. In particular, we show that they can fold into stable unique three-dimensional structure ͑the "native" structure, in protein terminology͒ through two different types of pathways. One is a fast folding pathway and leads directly to the native structure. Another one, a more slower pathway, passes through the microphase separated ͑MPS͒ state and includes a number of intermediate glassy states. The scale and the magnitude of the MPS are calculated. The frozen state can be reached only by sequences with weak long-range correlations. The critical value for the correlation exponent is found, above which ͑strong correlations͒ freezing is impossible.
I. INTRODUCTION
The most remarkable feature of proteins is that they almost always fold into unique stable three-dimensional ͑3D͒ structures which are closely related to their biological functions. It is an unquestionable paradigm now that the amino acid sequences of proteins ͑also nucleotide sequences of DNA and RNA͒ are not random. They are designed in the course of evolutionary selection process to perform specific biological functions. This means that there exist correlations between the monomers along the chain of the biomolecules. Although the exact nature of these correlations is not established, several investigations have shown that the correlations are of a scale-free, long-range type for some real proteins 1,2 and for DNA. 3, 4 Theoretical study of the nature of correlations for real biopolymers is complicated, therefore one needs a simplified model. Certainly, the simplest model is the completely random heteropolymer ͑RHP͒. In 1984, the possibility of collapse and intramolecular phase layering in random two-state heteropolymers has been shown in Ref. 5 . Surprisingly, some realizations of quenched disorder of RHP can mimic important properties of proteins. For example, it has been shown that even the chains with completely random sequences can undergo a transition to the state, which is dominated by a few conformations out of an exponentially large number of them. [6] [7] [8] The implication of the properties of RHP in protein folding has been studied in Refs. 9-11. Some theoretical studies have been done for disordered sequences with uncorrelated fluctuations 7, [12] [13] [14] as well as for the sequences with a single characteristic length. 15 The microphase ordering of RHPs with exponentially correlated sequences has been studied in Refs. [16] [17] [18] . The correlation length, or the characteristic scale, plays a practical role in simplifying the description of the system. The existence of the well-defined characteristic scale allows one to divide the whole system into subsystems that are loosely connected with each other. A system is said to exhibit longrange correlations when some properties of the system at different positions are correlated and the corresponding correlation function decays with distance much slower than the exponential function does. This type of correlation is usually described by power-law functions. 4 In Ref. 19 we have investigated the thermodynamics of the RHP with power-law correlations and found that the disordered globule state is energetically unfavorable at any temperature below the ⌰ point. In the present article we study the effect of long-range correlations on such properties of heteropolymers as microphase separation ͑MPS͒ ͑Fig. 1͒, freezing, and folding. We show that these sequences do indeed exhibit a proteinlike behavior in the sense that they can fold to the unique stable structure. Two different types of folding paths are possible: fast and slow ͑glassy͒. The freezing patterns of RHP could be different for different values of the correlation exponent. A threshold value of the correlation exponent is obtained, above which freezing is impossible. This paper is organized as follows. In Sec. II we describe the model and construct the Hamiltonian. In Sec. III the free energy calculation technique is expounded. Sections IV and a͒ Author to whom correspondence should be addressed. Electronic mail: huck@phys.sinica.edu.tw V are devoted to the freezing transition and the microphase separation. In Sec. VI we summarize the results and provide some discussion. The necessary mathematical details are described in Appendices A and B.
II. THE MODEL
Consider a heteropolymer chain with a quenched sequence of N monomers ͕ i ͖ where 1 ഛ i ഛ N and i is the type of the ith monomer.
It is usually assumed in the protein folding theories 20 that the monomer sequence has influence only on the binary interactions, which are described by the virial coefficient 13 ,21
Since hydrophobicity is believed to be the main driving force of protein folding, different models ͑summarized in Ref. 22͒ are used to describe the interaction between the hydrophobic and polar ͑hydrophilic͒ monomers.
In particular, to emphasize the heterogeneity of the interactions between the monomers and the solvent molecules, some researchers have proposed that B =0. [23] [24] [25] In contrast, to describe copolymers where the different kinds of monomers have a tendency to phase separation, some supposed that A =0. 13, 25 In the present article we study the second case. We will assume that in the condensed globular state the spatial configuration of the chain is defined by the monomermonomer interactions. We describe such random copolymer by a Hamiltonian which includes the polymeric elasticity term ͑H el ͒, and the terms describing pairwise ͑H 2 ͒, threeparticle ͑H 3 ͒, and four-particle ͑H 4 ͒ intrachain interactions between monomers
Here
where d is the dimensionality of the space, is the root mean-square distance between neighbor monomers, r i is the spatial coordinate of the ith monomer, T is the absolute temperature, and ͑B 0 + B i j ͒, C, and D are the second, the third, and the fourth virial coefficients, respectively. The Boltzmann constant is set to 1. In our model, we represent correlated sequence in the simplest possible way, namely, we assume that the distribution of ͕ i ͖ is Gaussian,
where K i,j = ͗ i j ͘ P is the correlation matrix averaged over all the different sequences ͕ i ͖ and
where 0 Ͻ ␤ Ͻ 1 and K is the variance of the distribution of ͕͖.
III. CALCULATION OF THE FREE ENERGY
To investigate the influence of the long-range correlations on the structure of the RHP, we should estimate the scale of fluctuations of the tertiary structure. The method to address this problem was suggested in Ref.
12. An order parameter is introduced which represents the correlation between different thermodynamic states of the macromolecule. Then the scale of the fluctuations of three-dimensional structure is the same as the linear scale of the correlation function decay. The order parameter can be calculated by estimating the free energy. The free energy of the system is a selfaveraging quantity over the realizations of the random sequences in accordance with their statistical distribution. F =−T͗ln Z͘ P , where ͗¯͘ P means averaging with the distribution function ͑7͒.
To find the free energy, we will use the replica trick to calculate the logarithm of the partition function ͗ln Z͘ P → ͑͗Z͘ P n −1͒ / n, when n → 0. [26] [27] [28] The averaged nth power of the partition function of our model reads
͑9͒
Here a is the replica index, r i a is the radius vector of the ith monomer in replica a, the function g͑r i a − r i+1 a ͒ ϰ exp͓−͑d /2 2 ͒͑r i a − r i+1 a ͒ 2 ͔ is the Gaussian normalized probability distribution which satisfies ͐drg͑r͒ = 1, and 
Subsequent averaging over the disorder gives
͑11͒
where
͵ dx a 4 ͑x͒.
͑12͒
In the above, we took the average of the n-replica partition function over disorder in the framework of the replica approach. Unlike the models, described in Refs. 23 and 24, the Hamiltonian ͑2͒ does not contain terms which are linear over disorder variables i , and the disorder fluctuations have no impact on the three-body term, as is the case in Ref. 23 . In our case the three-and the four-body terms in Hamiltonian ͑12͒ are repulsive and the system exhibits the usual second order transition at Flory's ⌰ temperature. Above the ⌰ temperature the density fluctuations are strong and the meanfield approximation is not applicable. Below ⌰ the chain is collapsed into the compact globular state without certain stable 3D structure with linear scale L ϳ n 1/3 , in which the density fluctuations are suppressed and the mean-field approach is justified. Here we will assume that our system is below the ⌰ temperature. Now we introduce in the standard way 12,14,30 a tworeplica order parameter,
Assuming that the density is uniform throughout the whole globule, a = a , one can transform Eq. ͑11͒ into
where ͗...͘ conf.,q means thermal averaging over all configurations of all replicas with the weights ⌸ i,a g͑r i a − r i+1 a ͒ and with fixed order parameters Q ab = q ab . The all-replicas entropy S͓ , q͔ corresponds to restrictions Q ab = q ab and uniform density. The matrix elements P ab in ͑14͒ are defined by
͑15͒
The density of the globule can be obtained by minimization of H 0 ͓ a ͔, Eq. ͑12͒. Then the first integral in ͑14͒ turns into a irrelevant constant, and
.
͑16͒
In mean-field approximation ͗Q ab ͘ = q ab . The thermal average of ␦͑x − r i a ͒␦͑y − r j b ͒ can be interpreted as the a priori probability of mutual localization of monomers in two replicas. Since in the condensed state the polymer chain obeys Gaussian statistics, 31, 32 we can write the replica symmetric form of the order parameter q ab as
where R is the scale of two-replica overlap, r 0 is the microscopic length scale which is of order of the monomer size, and the term exp͓−͑x − y − r͒ 2 / 2 ͉l − i͉͔ is the end-to-end correlation function of the Gaussian subchain between the ith and the lth monomers. In above equation, ͑x͒ is some finite function which takes nonzero values in the interval ͉x͉ ഛ 1. It has been shown in Ref. 12 that the order parameter q ab can be represented as the Parisi matrix for the one-step replica symmetry breaking ͑RSB͒. 26, 27 This allows to simplify the Gaussian integral in ͑16͒. As the first step, the n replicas are divided into groups with some replicas in each ͑total n / groups͒. Then the order parameter matrix is given by
where A and B are the replica groups ͑please do not confuse this B with that in Eq. ͑4͒; in the further text B means the coefficient in Eq. ͑4͒͒. This means physically that the two replicas a and b must be either uncorrelated, if they belong to the different replica groups, or correlated in such a way that one repeats the 3D fold of the other, down to the microscopic length scale r 0 .
IV. THE FREEZING TRANSITION
The formation of the stable three-dimensional structure can be adequately described in terms of the thermodynamically relevant states of the chain and the number of states. 26, 27 Below a certain temperature, referred to as freezing temperature T c , the scale of tertiary structure fluctuations in the thermodynamically relevant states becomes of a monomer size. In case of the one-step replica symmetry breaking, the parameter defined above as the number or replicas per group is closely related with the effective number of thermodynamically relevant folds. By definition, is a natural number, but after taking the limit n → 0 its value becomes Ͻ 1. As it was shown in Refs. 8, 26, and 27, the value of parameter characterizes the effective number of thermodynamically relevant folds. In the limit n → 0, satisfies the equation
where p ͕r i ͖ is the Boltzmann probability of a given fold ͕r i ͖.
In the case when one particular state strongly dominates over the others, we have Ϸ 0. In contrast, when there are no dominant states, then Ϸ 1
ͮ .
͑20͒
The Gaussian integral in Eq. ͑16͒ for the n-replica partition function can be presented in the mean-field approximation as
where P ͑k͒ is an n ϫ n matrix with matrix elements
in which ʈP ab ͑k ; q ab ͒ʈ is the Fourier transform of the Parisi matrix P ab , and q ab ͑K͒ is the Fourier transform of the order parameter q ab ͑x − y͒. Further simplification yields
where q͑k͒ is the Fourier transform of the order parameter of two replicas belonging to the same group. The matrix P ͑k͒ is also of hierarchical Parisi form since the order parameter q ab is represented in the corresponding form. The off-diagonal elements of P ͑k͒ are parametrized 33 by the function
and the diagonal elements
Using Eq. ͑18͒, we obtain
where ͑k͒ is the Fourier image of ͑x͒. The quantities A͑k͒ are defined in the thermodynamic limit ͑N ӷ 1͒ as
͑27͒
Since is the characteristic scale of the chain rigidity, we expect the thermodynamics of the system to be defined by the scales much larger than , such that k Ӷ 1. Then A͑k͒ in Eq. ͑27͒ is approximated by ͑see Ref. 19 and Appendix A in this paper͒
It has been shown in Ref. 33 that
where n → 0, and
Thus, the reduced energy ␤E͓q ab ͔ can be estimated as
where b = ͉B͉ / T, and g͑k͒ = ͑r 0 , k͒A͑k͒. Since the monomers are interconnected into polymeric chain then fixation in the space of some monomer leaves a fraction of volume d available for the next one. 12, 13 Replicas that belong to the same group coincide within a tube of radius R ϳ r 0 . Therefore, there are ͑ / r 0 ͒ d ways to place the next monomer and the corresponding entropy per monomer is S 0 ϵ ln͓͑ / r 0 ͒ d ͔. Since all replica configurations within the same group coincide, one must restrict the position of the next monomer to the unique place. By applying the Parisi ansatz for one-step RSB one finds the following expression for the entropy of all n replicas:
Thus, the reduced free energy has a form
Taking into account Eq. ͑28͒, we find that the main contribution into the free energy comes from the small values of
where b =2͉B͉K ͑r 0 / L͒⌫͑␤͒ / T. Correspondingly, the reduced free energy per monomer will be
The freezing transition temperature T c is defined by equation 0 = 1, where 0 is the point of the free energy maximum obtained from 0 = ‫ץ‬f / ‫.ץ‬ Then one obtains
͑35͒
In the globular state the system size scales with the number of monomers as L ϰ N 1/3 , and T c → ϱ with increasing N. This means that theoretically the freezing transition temperature can be higher than the ⌰ temperature which does not depend on N. One can infer from this fact that the random heteropolymer with power-law correlations can undergo freezing transition immediately below the ⌰ temperature.
V. THE MICROPHASE SEPARATION
In random heteropolymers a phenomenon of MPS is observed 16, 18 when the similar monomers tend to group together and form distinct clusters ͑Fig. 1͒. It has been shown in Ref. 19 that the spatially homogeneous state of the RHP with power-law correlations is indeed energetically unfavorable. In this case the order parameter ⌿ a ͑x͒ has a nonzero value and its magnitude corresponds to the degree of phase separation. The wave vectors describe the domain structure and the domain size. From Eq. ͑16͒ we can obtain the free energy in the form of Landau expansion around the meanfield value of ⌿ a ͑x͒. To take into account the possibility of MPS, we need to expand the bilinear term ⌿ a ͑x͒⌿ b ͑y͒ for replicas a and b belonging to different groups as follows:
where the chain entropy is defined by Eq. ͑31͒. The second-order term in ͑36͒ vanishes after thermal averaging since the replicas a and b belong to the different groups. Only the terms with pairs of replicas belonging to the same group will contribute to the fourth order term. Hence,
By taking into account Eq. ͑17͒, the n-replica partition function becomes, after Fourier transformation, where ⌿ a ͑k͒ =1/ ͱ V ͐ dr exp͑ikr͒⌿ a ͑r͒, and V is the volume occupied by the system. The quantities ͑k , k 1 ͒ introduced in above equation are calculated as 
By returning everything to the exponent, we obtain the Landau expansion for the free energy
where the matrix elements P ab ͑k ; q ab ͑k͒͒ are the ones introduced in ͑23͒. The factor N ͑k , k 1 ͒ in Eq. ͑38͒ can be estimated as follows ͑see Appendix B͒:
where ⍀ N ͑␤͒Ӎ͚ l=1 N l 2͑␤−1͒ . The reduced free energy density per replica is
where we have introduced m͑k͒, to denote the mean-field value of ⌿ ͑k͒ ϫ ͱ N, and m 2 ͑k͒ = m͑k͒m͑−k͒. The MPS takes place when the quadratic term of Eq. ͑43͒ becomes negative at least for one mode. For k 0 Ӷ 1 we have A͑k͒ ӷ 1 ͓see Eq. ͑26͔͒. From the expression ͑43͒ we see that at any finite temperature T a mode exists for which Ã ͑k͒ Ͼ T / ͉B͉ and the quadratic term is negative, independently of temperature. Theoretically the temperature of the phase separation ͑PS͒ can be estimated as
It is important to note that for the large enough systems T c Ͼ T MPS Ͼ⌰. Thus a large heteropolymeric globule cannot exist in the spatially homogeneous state. In the limit n → 0, the above expansion for the free energy can be rewritten as
͑45͒
Let us mention that here we use the free energy expansion over the MPS order parameter up to the fourth order which is a common approach in microphase separation theories ͑see, e.g., Ref. 34͒. The MPS order parameter m͑k͒ can be estimated by optimization of Eq. ͑45͒. We find the mean-field value of m͑k͒ in the so called single-harmonic approximation as 
ͪ−Dͪ. ͑48͒
Here is the scale of the microphase separation, and the following notations were used:
To find the freezing temperature T fr from Eq. ͑45͒, we apply the condition ‫ץ͑‬ / ‫͒ץ‬ f = 0. Recall that is the number of replicas in one group and hence 1 Ͻ Ͻ n. When taking the limit n → 0 we have to consider to be between 1 and n, so that Ͻ 1 means broken replica symmetry. Thus = 1 defines the point of phase transition between the frozen globular state with RSB and the state of a random "liquidlike" replica symmetric globule without definite structure, but with the phase separation. We obtain the freezing transition temperature T fr. by substituting = 1 into expression 0 = ‫ץ‬f / ‫,ץ‬ ␤⌫͑␤͒͑1 − ␤͒
where 1 / = ͉B͉K / T fr. . For ␤ Ͼ For the values of ␤ far from zero, the freezing temperature can be estimated as
It can be shown that the transition from the MPS state to the frozen phase with phase separation frozen phase ͑FP͒ + MPS is thermodynamically of second order. The second freezing temperature T fr is estimated as T fr ϳ O͉͑B͉K ͒.
Thus we obtain that T c ӷ T fr. and T MPS ӷ T fr . At the same time, one can see from Eqs. ͑35͒ and ͑44͒ that T c Ͼ T MPS .
VI. RESULTS AND DISCUSSION
We have found that for the sequence with power-law correlations the freezing temperature T c is higher than the temperature at which the macromolecule is separated into the phases, during which the similar monomers are grouped together. In the frozen state the macromolecule cannot undergo a phase separation because of the low entropy of the chain. The temperature of the freezing transition is given by Eq. ͑35͒ in which L is the linear scale of the whole system, and S 0 is the entropy loss per monomer due to chain freezing. In the compact state L ϳ N 1/3 , where N is the number of monomers. It follows from ͑35͒ that the freezing temperature T c increases rapidly with the length of the chain and may become higher than the ⌰ temperature. Now we are going to argue that the power-law correlated sequence can fold through two different types of pathways. Above the ⌰ temperature the macromolecule fluctuates strongly and cannot exist in any kind of a stable structure, either frozen or patterned. In our case the temperature of phase separation T MPS is lower than T c . On the other hand, T MPS ӷ⌰, since T MPS / T c ϳ 1/ ͱ S 0 . This means that at the temperatures below the compaction point ͑⌰͒, when the fluctuations are suppressed, the sequence with power-law correlations appears below the temperatures T c and T MPS , and both corresponding states can possibly emerge. Thus, the macromolecule "can choose" between the frozen state with one thermodynamically dominant structure and the patterned one, with no definite spatial structure. The existence of the unique dominant three-dimensional structure is easy to prove from the expression = T / T c for T ഛ T c . Combining expressions ⌰ӶT c and T ഛ⌰ we find that Ӷ 1, i.e., the sequence has a unique three-dimensional structure, and the temperature of the folding transition is T F Ϸ ⌰, due to F = T F / T c Ӷ 1. This folding pathway is relatively steep ͑see below͒, and hence, is fast.
In the second case, when the chain adopts a patterned structure characterized by the phase separation with the scale ϳ͑1−␤͒ 1/2␤ ͓1+T / ⌫͑␤͔͒ −1/2␤ , the subsequent cooling results in a phase transition from the state with PS into the patterned FP with PS ͓see Fig. 1͑c͔͒ . This state ͑FP+ PS͒ is dominated by a few thermodynamically relevant states such as in the completely random sequences. The temperature of this second freezing transition T fr is comparable with that for the completely random sequences and T fr Ͻ⌰. The freezing transition from the state with phase separation is possible only at the values ␤ Ͻ ␤ * , where ␤ * =1/2. The transition from the phase separation to the frozen phase with phase separation ͑FP+ PS͒ is smooth and thermodynamically of second order ͑Fig. 2͒.
Our results can be interpreted in terms of the folding landscape concept. 6, 35, 36 According to this concept the stability of the native conformation and the folding rate are governed mainly by the relation between the scale of roughness ͑⌬E͒ and the energy bias ͑E 0 ͒ of the energy landscape ͑Fig. 4͒. Since the landscape is rugged, there exists a temperature, called the glass temperature T g , below which the kinetics is controlled by long-lived low-energy traps 37 and not by the bias toward the native conformation. For the sequence with power-law correlations, T g can be identified with T fr -the temperature corresponding to the transition into the phase with a few low-energy states ͑ Ϸ 1͒. If the sequence has a single ground state, then there is a temperature, below which this lowest-energy state is stable. This is called folding temperature, and was estimated above as T F ϳ ⌰ for the sequence with power-law correlations. According to the "minimal frustrations" concept, 6 the folding temperature is higher than the glass temperature, if E 0 ӷ⌬E. Obviously, for the sequence with power-law correlations T F Ͼ T fr. due to T F ϳ ⌰. However, as mentioned above, this kind of sequence FIG. 2 . Phase diagram for random copolymer with long-range correlated sequence. PS denotes the microphase separated state in which the similar monomers are clustered together. FP+ PS denotes a frozen state with microdomains. We see that unlike the case of completely random sequence, the sequence with power-law correlations cannot exist in the globular state without phase separation. Moreover, the FP+ PS phase is unreachable for correlated sequences with ␤ Ͼ 1 / 2. The transition from PS phase to FP+ PS phase is of the second order.
has two transition paths: transition to the native state or to the phase separated state which lacks any ordered spatial structure. This situation is schematically shown in Fig. 3 . Then, the obtained results can be adequately interpreted as follows. The sequences with power-law correlations have at least two main types of the folding pathways on the energy landscape. The slow pathway is characterized by a relatively flat slope of the energy surface, corresponding to the patterned states and passes through the glassy state with a nonexponential, but sufficiently large number of thermodynamically relevant states. Another pathway is much steeper since it leads to the native state directly or through the relatively small number of intermediates ͑Fig. 4͒.
We would like to point out that according to one approach the protein sequences are believed to be good folders when the quantity T = ͑⌰ − T F ͒ / ⌰ is small. 38 In our case T F Ϸ ⌰ and hence, T Ϸ 0.
The relationship between the long-range correlations and some "proteinlike" features of heteropolymers has been investigated, e.g., in Refs. 39 and 40. The authors focus on the design scheme assuming the cooperative and fast coilglobule transition as one of the most important "proteinlike" features. In particular, it has been shown that designed sequences exhibit long-range correlations which can be described by Levy-flight statistics. In the present article we concentrate on the folding problem rather than design. Our main focus is on understanding the pathways to the native state for the heteropolymers with correlated sequences. Nevertheless, the long-range correlations do have influence on such "proteinlike" properties as cooperative and fast condensation. 39, 40 In light of this, the existence of the unique native state demonstrated in the current article seems to us as very important from evolutionary point of view.
The results obtained in the present article are also consistent with those in Ref. 1, where some statistical properties for the amino-acid sequences obtained from the data bank are investigated. Recently the scale-invariant features of DNA and proteins have been investigated by representing the sequences graphically as a trajectory of the walker.
3,4,41 Two statistical quantities are being introduced to characterize the walk: the root mean-square fluctuation F͑l͒ about the average value of the displacement, and the correlation function K͑l͒, where l is the distance between monomers along the chain. If there is no characteristic scale, then the scaling properties of these functions are described by power law,
where the exponent ␤ is related to the power spectrum of the walk. It was shown that for the hydrophobic/hydrophilic walks the mean-square fluctuations exponent is ␣ = 0.520± 0.005, for prokaryotes.
1 Clearly, ␣ Ͼ 1 / 2 means a persistent type of correlation. 3, 4 The correlation exponents ␣ and ␤ are not independent by virtue of ␣ = ͑1+␤͒ /2. 4 For example, for prokaryotes, ␤ = 0.04± 0.01. The value of S͑N͒ also can be reduced to the integral and estimated in analogy with Eqs. ͑A2͒ and ͑A4͒. However, the way mentioned above appears to be more clear. These two ways lead to quite similar results.
